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The spectrum of an infinite spinning string in AdS5 does not precisely match the spectrum of dual
gauge theory operators, interpolated to the strong coupling regime with the help of Bethe-ansatz
equations. We show that the mismatch is due to interactions in the string σ-model which cannot
be neglected even at asymptotically large ’t Hooft coupling.
PACS numbers: Valid PACS appear here
According to the AdS/CFT correspondence [1–3], N =
4 supersymmetric Yang-Mills theory (SYM) and string
theory in AdS5 × S5 have a common spectrum that con-
tinuously interpolates between the loop-corrected dimen-
sional analysis at weak coupling and the string oscillator
spectrum at strong coupling. The complete integrabil-
ity of the AdS/CFT system makes the non-perturbative
interpolation amenable to an exact description by meth-
ods of Bethe ansatz [4]. The string interpretation of the
spectrum, however, is quite subtle and our goal is to find
a potential resolution of these subtleties.
We shall concentrate on a specific set of states related
to twist-two operators trZDS+Z. Here Z is a complex
scalar field in SYM and D+ is the covariant derivative
in light-cone direction. The twist operators constitute
presumably the most studied sector of the SYM spec-
trum [5]. Their anomalous dimensions scale logarithmi-
cally with spin: ∆S(λ) − S ' 2Γcusp(λ) lnS, where the
cusp anomalous dimension Γ
cusp
(λ) is a non-trivial func-
tion of the ’t Hooft coupling λ = g2
YM
N , which can be
computed non-perturbatively with the help of the Bethe-
ansatz equations [6]. On the string side, twist operators
are described by a string spinning in the Anti-de-Sitter
space [7]. When the spin is very large, the string becomes
essentially infinite, extending all the way to the bound-
ary. The energy density of this long string is equal to the
cusp anomalous dimensions Γ
cusp
(λ).
We will be interested in the spectrum of small fluc-
tuations on top of the long string, which are dual
to operators with extra field insertions, schematically:
trZDl1+Ψ1Dl2+Ψ2 . . . Dln+Z, where Ψi can be a field
strength, a fermion or a scalar. Each insertion corre-
sponds to an elementary excitation above the ground
state. The spectrum of elementary excitations can be
found exactly [8, 9] by solving the Bethe-ansatz equations
[6], and should agree at strong coupling with the spec-
trum of the string in light-cone gauge. A detailed com-
parison reveals, however, several mismatches [10]. Since
the above operators have many uses, for instance they
govern the collinear limits of scattering amplitudes [11],
it is important to understand how these discrepancies are
resolved.
The string oscillation modes in light-cone gauge are
two-dimensional massive particles, whose interactions are
suppressed by 1/
√
λ. Let us list the 8b+ 8f modes of the
string in AdS5 × S5, together with their masses and the
corresponding worldsheet fields [12, 13]:
AdS3 transverse (Φ) : m
2 = 4
AdS5 outside AdS3 (X,X
∗) : m2 = 2
S5 (Y a, a = 1, . . . , 5) : m2 = 0
Fermions (Ψi, i = 1, . . . , 4) : m2 = 1. (1)
The fermions form four 2d Dirac spinors with eight de-
grees of freedom on shell. The SYM spectrum, continued
to strong coupling, consists of [8]:
(Field strength)` (2) : m2 = 2`2
Scalars (6) : m2 =
√
2λ1/4
Γ2(5/4) e
−√λ/2
Fermions (8) : m2 = 1, (2)
where in brackets we indicated the number of degrees of
freedom of each excitation. The agreement holds literally
only for fermions. The heavy boson from AdS3 is absent
in the exact spectrum. The S5 modes are massive, and
there are six of them instead of five. A single insertion of
the field strength (` = 1) matches with the AdS5 modes
X,X∗. Multiple field strength insertions in addition can
form bound states (Bethe strings) which are not directly
visible in the string spectrum. The binding energy of the
`-string, Ebind` (p) ≡ `E1(p/`)− E`(p), is small at strong
coupling [8]:
Ebind` (p) =
pi2
√
2`2 + p2
(
`2 − 1) (`2 + p2)4
12λ`6 (2`2 + p2)
. (3)
These mismatches indicate that the string spectrum
is strongly affected by interactions, even at asymptoti-
cally large λ. The mechanism for mass generation of the
S5 modes, which is clearly non-perturbative, was under-
stood in [14] and later confirmed by Bethe-ansatz calcu-
lations [15]. Since all other modes are massive, the low-
energy effective theory at worldsheet momenta p  1 is
the O(6) σ-model, which is asymptotically free and gen-
erates a mass gap through dimensional transmutation.
The first correction to the dispersion relation of the S5
modes that goes beyond the low-energy approximation
was computed recently both in string theory [10] and
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2from the Bethe-ansatz equations [8]. In both cases the
result has the form:
2(p) = p2 − cλ−1/2 p4 +O(λ−1) , (p m), (4)
but the coefficient is different: cstring = 7/3 ≈ 2.333 [10]
while c
BA
=
√
2Γ4(1/4)/(24 · 31/4pi) ≈ 2.463 [8]. This is
quite surprising since the p4 term is relevant in the UV at
p2  m2 when perturbation theory is supposed to work.
We thus shall address the following questions: (i) Can
the light AdS scalars form bound states? (ii) What is the
fate of the heavy AdS mode? and (iii) What accounts
for the difference between perturbative and exact values
of the p4 coefficient in the dispersion relation of the S5
modes? Our starting point is the string σ-model in light-
cone gauge, with the action expanded to quartic order in
the fields [10, 13]:
L = (∂αΦ)2 + 4Φ2 + |∂αX|2 + 2|X|2 + (∂αY a)2 + 2iΨ¯(/∂ + 1)Ψ
+2Φ
[
(∂tΦ)
2 − (∂sΦ)2 + (∂tY a)2 − (∂sY a)2 − 2|∇sX|2 + 2i∇sΨ¯Π+Ψ + 2iΨ¯Π−∇sΨ
]
+2iY a
[∇sΨ¯Π+ρa6Ψ− Ψ¯Π−ρa6∇sΨ]+ 2i∂tY aΨ¯γ0Π+ρa6Ψ + 2∇sXΨtΠ+ρ6Ψ− 2∇sX∗Ψ¯Π−ρ†6Ψ¯t
+2Φ2
[
(∂αΦ)
2 + 23Φ
2 + (∂αY
a)2 + 4|∇sX|2
]− 12 (Y a)2(∂αY a)2
+i
[
(Y a)2 − 4Φ2] (∇sΨ¯Π+Ψ + Ψ¯Π−∇sΨ) + 4iΦY a(Ψ¯Π−ρa6∇sΨ−∇sΨ¯Π+ρa6Ψ)
+6Φ(∇sX∗Ψ¯Π−ρ†6Ψ¯t −∇sXΨtΠ+ρ6Ψ)− 2iY a∂tY bΨ¯γ0Π+ρabΨ + (Ψ¯γ0Π+ρa6Ψ)2 − (Ψ¯iγ0Π+Ψ)2. (5)
The notations follow [10, 13], with the exception of
fermions which we have brought into the 2d Dirac form.
We use γα = (−σ1, σ3) as the basis of 2d Dirac ma-
trices, Π± = (1 ± γs)/2, ∇s = ∂s − 1. ρa, ρ6 are the
4 × 4 chiral components of the 6d Dirac matrices, and
ρAB = ρ[A †ρB]. The action is written in Euclidean sig-
nature and is multiplied by an overall factor of
√
λ/4pi.
We begin with the bound states of the light scalars X.
The small binding energy makes these bound states non-
relativistic at strong coupling. The binding energy can
thus be derived from a low-energy effective Hamiltonian.
The effective potential is determined by matching the
XX → XX scattering amplitude in the σ-model to the
Born amplitude M(q) = −2 (2√2)2 ∫ dx e−iqxVeff(x),
where q is the momentum transfer in the t-channel. The
XX scattering at tree level proceeds through the ex-
change of the Φ boson. The t- and u-channel diagrams
combine to
M = 16pi√
λ
+O (q2) =⇒ Veff(x) = − pi√
λ
δ(x). (6)
The effective potential is thus an attractive delta func-
tion, which has one discrete level with energy pi2/2
√
2λ.
The solution of the Schro¨dinger equation for ` particles
interacting pairwise via the delta-function potential is
also known [16]. There is a single bound state for each `
with binding energy
Ebind` =
pi2
√
2`
(
`2 − 1)
24λ
, (7)
that agrees nicely with (3) in the static regime.
To address the fate of the heavy bosonic mode we
need to study quantum corrections to its propagator.
Since the heavy boson is a factor of two heavier than
the fermions, it may dissolve in the continuum of the
two-particle states, as it happens in a similar context in
AdS4, [17]. The pole of the boson propagator disappears
by moving onto the unphysical sheet of the complex en-
ergy plane. Consider first one-loop corrections:
G−1(p) = p2 + 4 +
C√
λ
√
p2 + 4 + . . . , (8)
where we assume that the momentum is very close to
the threshold: p2 → −4 and keep only the most singular
part of the polarization operator. The would-be pole
lies at the edge of the two-particle continuum and may
disappear, depending on the sign of C. If C is negative,
the two terms in (8) have opposite signs for 0 > p2 >
−4. They cancel at some p2 and the pole remains on the
physical sheet just below the threshold. However, the
explicit calculation [10] shows that C is positive. As we
shall see, the positivity of C is a simple consequence of
unitarity. The pole then disappears (it moves into the
unphysical sheet), and the only remaining singularity of
the Green’s function is the two-particle cut. If (8) were
exact, we would conclude that the heavy boson does not
exist as an independent excitation. But there are other
corrections to the boson propagator that should also be
taken into account. First, the mass-shell conditions for
the boson and fermions get loop corrections [10]. Unless
b(p) = 2f (p/2), these corrections shift the pole away
from the threshold, and then (8) will have an isolated
zero. The one-loop correction to the boson dispersion
relation is the constant part of the polarization operator,
while the compensating correction to the fermion mass-
shell condition, p2 = 1+2f(1)/
√
λ, affects the polarization
3FIG. 1: Possible unitarity cuts of the fermion loop in the
polarization operator of the heavy boson.
operator at two loops:
Disc Π(2)(p) = C(2)
√
p2 + 4 +
D(2)√
p2 + 4
, (9)
where D(2) must be equal to 2
2
f(1)C(1), in order for the
second term to combine into the perturbative expansion
of the square root in (8) . But what if D(2) 6= 22f(1)C(1)?
And also why D(1) = 0? If D 6= 0, the heavy particle
would decay rather than dissolve in the continuum. The
unexpected softening of the threshold singularity, in fact,
can be traced to the structure of the boson-fermion vertex
[10]: the threshold singularity of the polarization oper-
ator is related by unitarity to the Φ → Ψ¯Ψ amplitude,
fig. 1a:
Im Π(p) = −|Ah→ff (p)|
2
4p2
√
p2 + 4
, (10)
where Ah→ff (p) is the ΦΨ¯Ψ vertex with both fermions
on-shell: Ah→ff (p) = v¯(k)Γ(p; k, p − k)u(p − k). The
fermion and antifermion wavefunctions
u(k) =
1√
kt
(
kt
ks − i
)
, v¯(k) =
1√
kt
(−ks + i, kt) ,
(11)
are such that v¯(kt,−ks)u(kt, ks) = 2ks. At tree level
Γ(p; k, p− k) = 4ksγs + 4psΠ−− 4i, from which it imme-
diately follows that in the rest frame of the heavy boson
(ps = 0) the amplitude vanishes at threshold. Conse-
quently, Im Π(p) ∼ (p2 + 4)1/2. At two loops there are
two possible two-particle cuts, fig. 1b and c. The cut
1c produces the requisite coefficient D(2). The cut 1b
should only contain the square-root singularity. For this
to happen, the amplitude Ah→ff (p) must vanish on-shell
at the one-loop order. Extrapolating this reasoning to
higher orders we conclude that the heavy boson disap-
pears from the spectrum if two conditions are satisfied:
b(p) = 2f (p/2), v¯Γ(p; k, p− k)u = 0 . (12)
where b(p) and f (p) are exact on-shell energies of the
heavy boson and of the fermions. The first condition is
satisfied at one loop [10]. We have checked that the sec-
ond condition is also fulfilled by calculating all one-loop
corrections to the vertex function in the rest frame of the
heavy boson, where ps = 0 = ks. The Feynman diagrams
that contribute have three different topologies and give
in total sixteen diagrams if one uses vertices from the
Lagrangian (5). Full details of the calculation will be
presented in [18]. Eventually, all one-loop vertex correc-
tions are proportional to the unit matrix in the Dirac in-
dices or vanish in the threshold kinematics. This happens
diagram-by-diagram even before momentum integration,
but exploits symmetry properties of the integrands. As
a consequence, the decay amplitude v¯Γ(p; k, p− k)u van-
ishes on-shell because v¯(k)u(k) = 0.
We now turn to the scalar modes on S5. These modes
have no mass term in the Lagrangian since they are Gold-
stone bosons of the SO(6) symmetry, broken to SO(5)
by a choice of the reference point on S5. In two dimen-
sions Goldstone bosons cannot exist [19, 20], which in
perturbation theory is reflected in IR divergences. The
theorems of [21, 22] suggest that the IR divergences can-
cel in SO(6)-invariant quantities. For instance the free
energy Γ
cusp
(λ) is IR finite at least to the two-loop or-
der [23]. In a non-invariant observable, IR logarithms
will start to appear at a certain order of perturbation
theory, which we denote by n. The IR logarithms are
cut off at the scale of mass generation in the O(6) σ-
model, and thus the n-loop IR divergence is proportional
to λ−n/2 ln(Λ/m) ∼ λ−(n−1)/2, which is of the same or-
der as the IR-free contribution at (n − 1) loops. Multi-
ple logarithms at higher orders are all O(λ−(n−1)/2) thus
invalidating perturbation theory beyond (n − 2) loops.
Although the constant c defined in (4) is IR finite at one
loop [10], it cannot be reliably computed in perturbation
theory because of two-loop IR divergences. However, at
large λ the UV and IR scales are highly separated, and
one can consistently calculate an effective action for the
IR modes by integrating out the heavy σ-model fields. In
this interpretation cstring should be viewed as a coefficient
of a dimension-4 operator in the low-energy effective ac-
tion at the matching scale µ ∼ 1, rather than a constant
in the physical dispersion relation. The RG evolution
down to scales µ ∼ m should account for the difference.
The effect of the RG evolution, however, is numerically
small (only 6%). We explain this by the accuracy of the
large-N expansion for the O(N) σ-model at N = 6. At
infinite N , the mean-field theory is exact and the disper-
sion relation is read off from the action. We will compute
the next order in 1/N to see if this improves the agree-
ment.
At the renormalizable level, the effective action for the
S5 string modes is the O(6) σ-model [14]:
Leff2 =
√
λ
4pi
∂n · ∂n. (13)
In the full string action the 2d Lorentz invariance is bro-
ken by interactions. We thus expect that integrating
out heavy worldsheet fields will induce Lorentz-symmetry
breaking terms in the effective action for the O(6) modes,
starting with operators of dimension four. There are two
possible structures: (∂n ∂n)2 and ∂2n ∂2n. An operator
of the first type is generated at tree level from integrating
4out the Φ field in (5). The second structure arises at one
loop and can be extracted from the polarization opera-
tor of the Goldstone modes computed in [10]. One should
be careful to avoid double-counting since the Goldstone
modes contribute to the polarization operator through
self-coupling. Subtracting the self-interaction [18], we
obtain:
Leff4 = −
√
λ
16pi
(∂n ◦ ∂n)2 − 1
6pi
(∂ · ∂n)2
− 1
4pi
∂ · ∂n ∂ ◦ ∂n− 1
12pi
(∂ ◦ ∂n)2 , (14)
where we have introduced the notation u◦v = u0v0−u1v1
to parameterize the violation of the rotational symmetry
and used u ·v = u0v0 +u1v1 for the usual scalar product.
The leading order of the large-N expansion for the ef-
fective Lagrangian (13), (14) is equivalent to the ran-
dom phase approximation. For the correct large-N power
counting
√
λ should scale linearly with N , and it is con-
venient to introduce an effective coupling κ = 2piN/
√
λ,
which stays finite in the large-N limit. Since we are ulti-
mately interested in the leading Lorentz-violating term
in the dispersion relation (4), we can set p20 + p
2
1 to
zero in the dimension-4 part of the action and replace
p20 − p21 by −2p21. After imposing the condition n2 = 1
by a Lagrange multiplier and applying the Hubbard-
Stratonovich transformation to disentangle the quartic
terms, we obtain:
LO(6) = N
2κ
[
(∂n)
2
+
(
m2 + iσ
)
n2 − iσ − 1
M21
(
∂21n
)2
− φ (∂1n)2 + κM22φ2
]
, (15)
with M21 = 3
√
λ/4 and M22 =
√
λ/48pi. Integrating out
n we get an effective action for σ and φ, whose mini-
mization in σ yields a gap equation that determines the
dynamically generated mass m. The 1/N correction to
the nn propagator then determines the coefficient c in the
dispersion relation (4). The details of the rather lengthy
calculation will be presented in a future publication [18].
The final result, however, is quite simple:
c
RPA√
λ
=
(
1− 6 ln 2− 3 ln 3
N
)
1
M21
+
ln 2
4piN
1
M22
. (16)
Potential UV divergences cancel in c, which means that
all the contributions come from modes with p ∼ m. Sub-
stituting numbers we get c
RPA
= 2(2 + ln 6)/3 ≈ 2.528,
which improves the mean-field prediction 2.333 by 50%.
To compute the exact value cexact = 2.463 one has to
solve the model non-perturbatively.
In conclusion, we managed to reconcile mismatches
between the string σ-model and the Bethe ansatz so-
lution, at least at the qualitative level. The origin of
these mismatches can be traced to the non-perturbative
nature of interactions on the string worldsheet. Even if
the σ-model coupling, 2pi/
√
λ, is very small, interactions
cannot be neglected and lead to rearrangements in the
perturbative string spectrum. Since the string σ-model
in AdS5 × S5 is integrable, the spectral mutations are
captured by the Bethe ansatz equations in this particu-
lar case, but we believe that the phenomena studied in
this paper are more general and are not specific to the
AdS5 × S5 background.
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